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Abstract
Let A be a commutative algebra over complex numbers with a space norm ‖ · ‖ making the multiplication
on A separately continuous. We will study the Gelfand representation of this type of normed algebra. In
particular, we look at the cases where the standard Gelfand representation (i.e., the use of supremum-norm
on the Gelfand transform algebra Aˆ) gives different properties from the original algebra (A,‖ · ‖). We
show that there are even Banach algebras for which this type of difficulty may happen. We will provide Aˆ
with some weighted supremum-norm and by using these weights we can avoid the difficulties mentioned
above. For the definition of these weights we adopt the ideas of Cochran represented in [A.C. Cochran,
Representation of A-convex algebras, Proc. Amer. Math. Soc. 30 (1973) 473–479].
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Gelfand representation of commutative normed algebras plays an important role in the theory
of Banach algebras, but also in some more general structures. If (A,‖ · ‖) is a normed algebra
with unit (denoted by e), it is customary to assume that ‖e‖ = 1 (i.e., the norm ‖ · ‖ is unital). We
will study the meaning of this condition with respect to the Gelfand representation of the algebra
(A,‖ · ‖) from certain point of view. In particular, we extend the concept of unitality of the norm
to the case where A does not have a unit and we study what happens if this condition cannot be
extended (we call these types of algebras irregular).
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norm. See [6,7,10–12]. We will give two classes of normed algebras for which the supremum
norm is of different type than the original norm of A. Instead of supremum norm we will provide
Aˆ with some weighted supremum norm and show that there are cases in which these weights
are not necessarily bounded and that this weighted representation is more closely connected to
the topological structure of the algebra (A,‖ · ‖). We follow here the ideas which were first
represented in [5] and later extended and sharpened in [1,2,9].
Let A be a commutative algebra over the field of complex numbers with a norm ‖ · ‖. In
this paper we study such space norms on A for which the multiplication is at least separately
continuous. It is known that the multiplication on A is separately continuous with respect to the
norm ‖ · ‖, if and only for each x ∈ A there exists a constant M(x)  0 (depending on x) such
that ‖xy‖M(x)‖y‖ for all y ∈ A. Such a norm ‖ · ‖ is called absorbingly convex (or shortly
A-convex). (See [5].) If a norm ‖ · ‖ satisfies the condition ‖xy‖  ‖x‖‖y‖ for all x and y
in A it is called submultiplicative or multiplicatively convex (shortly m-convex). If a norm ‖ · ‖
is m-convex then we say that (A,‖ · ‖) is a normed algebra and if (A,‖ · ‖) is a Banach space,
(A,‖ ·‖) is called a Banach algebra. So we consider an algebra (A,‖ ·‖) as a topological algebra.
Note that according to some authors topological algebras have jointly continuous multiplication.
(See, for example, [12, p. 32].) Here we use the definition represented in [8, p. 4] where the
multiplication in A is assumed to be just separately continuous. If the multiplication is jointly
continuous, then (A,‖ · ‖) can be considered as a normed algebra, since we can replace the norm
‖ · ‖ by an equivalent m-convex norm. We shall study in this paper the Gelfand representation
of different types of A-convex and normed algebras. The Gelfand representation of commutative
algebras is of course well established. As it was noted in [4] there are A-convex and normed
algebras (irregular algebras) for which the weighted norms on Aˆ are more closely related to the
structure of the original algebra (A,‖ · ‖). First we shall give some definitions and notations.
Let ‖ · ‖ be an A-convex norm on A, then the corresponding operator (semi)norm (or multiplier
(semi)norm) is defined as
‖x‖op = sup
‖y‖1
‖xy‖, x ∈ A. (1)
In general (1) defines an m-convex seminorm on A, but we shall assume from now on that all the
norms considered in this paper have the property that ‖ · ‖op is a norm. We say that a norm ‖ · ‖
is regular if ‖ · ‖op = ‖ · ‖. Clearly the norm ‖ · ‖ is m-convex if and only if ‖ · ‖op  ‖ · ‖. If
‖ · ‖ ‖ · ‖op, we say that ‖ · ‖ is strictly A-convex. Now we define two constants m(‖ · ‖) and
r(‖ · ‖) by
m
(‖ · ‖) = sup
‖y‖1
‖y‖op and r
(‖ · ‖) = sup
‖y‖op1
‖y‖.
These constants play an important role in studying how the multiplicative structure of A is con-
nected to the topological structure of (A,‖ · ‖) as it was shown in [4]. We will now list some
properties of these constants. Both of them can vary between 0 and infinity. If m(‖ · ‖) = 0, then
the multiplication on A is trivial and further, if r(‖ · ‖) = 0, then A = {0}. So we can assume that
both of these constants are non-zero. If a norm ‖ · ‖ is complete, then m(‖ · ‖) is automatically
finite and if m(‖ · ‖) is finite then there is an equivalent m-convex norm | · | on A (for example we
can take just | · | = m(‖·‖)‖·‖ or | · | = max{‖·‖,‖·‖op}). It follows from this that if the norm ‖·‖
is complete, then the multiplication in A is jointly continuous. If m(‖ · ‖) = ∞, then ‖ · ‖ is said
to be properly A-convex. By above a properly A-convex norm cannot be complete and it is not
equivalent to any m-convex norm. If r(‖ · ‖) is finite then ‖ · ‖ is called weakly regular and if
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This means that for unital norm ‖ · ‖ we have r(‖ · ‖) = 1. As is well known in the case where A
has a unit and ‖ · ‖ is a complete A-convex norm on A there is always an equivalent m-convex
norm | · | on A such that |e| = 1, i.e., | · | is a unital norm. In fact, we can just take | · | = ‖ · ‖op.
This property can be sometimes generalized also to a non-unital algebra. This means that under
certain properties for the norm ‖ · ‖ there is an equivalent m-convex norm | · | on A for which
r(| · |) = 1. However this is possible only if ‖ · ‖ is weakly regular and it fulfills some further
properties. Note that we do not know whether r(‖ · ‖op) = 1 in general. Since a weakly regular
norm and an irregular norm cannot be equivalent we can see that, if ‖ · ‖ is irregular, then this
type of renorming is not possible. For detailed study see [4]. This can lead to some difficulties for
example in the Gelfand representation of the algebra (A,‖ · ‖). Note that an irregular norm ‖ · ‖
can be complete, but in this case the operator norm ‖ · ‖op cannot be complete. If m(‖ · ‖) and
r(‖ · ‖) are finite, then from the definitions it follows that
1
m(‖ · ‖)‖ · ‖op  ‖ · ‖ r
(‖ · ‖)‖ · ‖op. (2)
2. Gelfand representation of commutative normed algebras
We shall now see how we can take account the constants m(‖ · ‖) and r(‖ · ‖) in the Gelfand
representation of A-convex and thus also in normed and Banach algebras.
Let Δ(A) be the set of all non-zero multiplicative functionals on A. Further, let Δ(A,‖ · ‖) be
those elements of Δ(A) which are ‖ · ‖-continuous. We shall equip Δ(A,‖ · ‖) with the Gelfand
topology (i.e., the weak topology generated by the functions xˆ :Δ(A,‖ · ‖) → C, xˆ(τ ) = τ(x),
τ ∈ Δ(A,‖·‖), x ∈ A). Let Aˆ = {xˆ | x ∈ A}, then we have Aˆ ⊂ C(Δ(A,‖·‖)). From the theory of
Banach algebras it follows that in a commutative complete A-convex algebra every multiplicative
functional is automatically continuous and in the case where A has a unit, the Gelfand space
Δ(A,‖ · ‖) is non-empty and compact (locally compact if A is without unit). These properties
are not valid in general for A-convex algebras. The Gelfand space may be empty even if A has a
unit as the following example shows.
Example 1. Let A = C([a, b]) = the set of continuous C-valued functions defined on a closed
interval [a, b]. Let now ‖ · ‖L1 be a usual L1-norm on A, i.e.,
‖x‖L1 =
b∫
a
∣∣x(t)∣∣dt, x ∈ A.
Then (A,‖ · ‖L1) (equipped with pointwise multiplication) is an A-convex algebra with unit
and all multiplicative functionals on A are point evaluations on [0,1]. It is easy to see that point
evaluations are not ‖ · ‖L1 -continuous. So Δ(A,‖ · ‖L1) = ∅. Clearly (‖ · ‖L1)op = ‖ · ‖∞ and
further m(‖ · ‖L1) = ∞ and r(‖ · ‖L1) = ‖e‖L1 = b − a.
Therefore, in the sequel we will assume that Δ(A,‖ · ‖) is non-empty. For every A-convex
algebra we have Δ(A,‖ · ‖) ⊂ Δ(A,‖ · ‖op) and if m(‖ · ‖) is finite, then we have Δ(A,‖ · ‖) =
Δ(A,‖ · ‖op), but the equality may happen even if m(‖ · ‖) is infinite. If (A,‖ · ‖) is not com-
plete and m(‖ · ‖) is non-zero and finite we can consider also the completion (Ac,‖ · ‖c) as an
algebra. It can be shown that in this case Δ(A,‖ · ‖) is homeomorphic to Δ(Ac,‖ · ‖c). See [8,
Corollary V2.1].
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Δ(A,‖ · ‖). Clearly if the norm ‖ · ‖ is m-convex, then ‖τ‖ 1. The norm of τ with respect to
the norm ‖ · ‖op will be denoted by ‖τ‖op. So ‖τ‖op = sup‖x‖op1 |τ(x)|, τ ∈ Δ(A,‖ · ‖). Since‖·‖op is always m-convex we have ‖τ‖op  1 for all τ ∈ Δ(A,‖·‖). In the Gelfand representation
of Banach algebras the Gelfand transform algebra Aˆ is provided in the literature with the sup-
norm ‖ · ‖∞ and since this is an m-convex and regular norm it does not give necessarily the best
possible topology for Aˆ in the A-convex case and in the m-convex case, if ‖ · ‖ is irregular. Now
we will define a norm for Aˆ which may be A-convex or even irregular if the original norm is
A-convex or irregular. For this we first define a function v‖·‖ on Δ(A,‖ · ‖) by
v‖·‖(τ ) = 1‖τ‖ , τ ∈ Δ
(
A,‖ · ‖). (3)
It is easy to see that
v‖·‖(τ ) = sup
{
M | M∣∣xˆ(τ )∣∣ ‖x‖ for all x ∈ A}, τ ∈ Δ(A,‖ · ‖), (4)
and further
v‖·‖(τ ) =
(
inf
{
M | ∣∣xˆ(τ )∣∣M‖x‖ for all x ∈ A})−1, τ ∈ Δ(A,‖ · ‖). (5)
From (4) it follows that v‖·‖(τ )|xˆ(τ )|  ‖x‖ for all x ∈ A and τ ∈ Δ(A,‖ · ‖). If τ ∈ Δ(A)
is not ‖ · ‖-continuous it means that in (5) the infimum on the right side is not finite, i.e., the
function v‖·‖ can be extended onto Δ(A) by defining v‖·‖(τ ) = 0 if τ ∈ Δ(A) \Δ(A,‖ · ‖). Note
that it may happen that Δ(A) 	= Δ(A,‖ · ‖), if m(‖ · ‖) = ∞ and Δ(A,‖ · ‖) 	= ∅. Let ‖ · ‖ˆ be a
(semi)norm on Aˆ defined by
‖xˆ‖ˆ = sup
τ∈Δ(A,‖·‖)
v‖·‖(τ )
∣∣xˆ(τ )∣∣ for x ∈ A. (6)
For the use of these types of weights see [2,5,9]. Now (Aˆ,‖·‖ˆ) is an A-convex algebra and the
Gelfand mapping x → xˆ is a continuous algebra homomorphism from (A,‖ · ‖) onto (Aˆ,‖ · ‖ˆ).
It easy to see that ‖ · ‖ˆ is m-convex if v‖·‖(τ ) 1 and strictly A-convex if 0 < v‖·‖(τ ) 1 for
all τ ∈ Δ(A,‖ · ‖).
We will now look how the values of v‖·‖ depend on the norm ‖ · ‖. For a given A-convex
norm ‖ · ‖ on A and given τ ∈ Δ(A,‖ · ‖) denote by ‖τ‖k the norm of τ with respect to the norm
k‖ · ‖ with k > 0. It is easy to see that ‖τ‖k = 1k ‖τ‖. As it was earlier noted, if the norm ‖ · ‖
is m-convex, then ‖τ‖  1. Thus for every m-convex norm ‖ · ‖ we have v‖·‖(τ )  1 for all
τ ∈ Δ(A,‖ · ‖). So for the m-convex norm ‖ · ‖ also the (semi)norm ‖ · ‖ˆ is an m-convex on Aˆ.
In the case where A has an identity and ‖ · ‖ is m-convex with ‖e‖ = 1 it holds true that ‖τ‖ = 1
for all τ ∈ Δ(A,‖ · ‖) implying
v‖·‖(τ ) = 1 for all τ ∈ Δ
(
A,‖ · ‖). (7)
On the other hand, the assumption ‖e‖ = 1 is equivalent (in the m-convex case) to the condi-
tion that ‖·‖op = ‖·‖, i.e., ‖·‖ is regular. This suggests that (7) could hold true also in a non-unital
case if we replace the condition ‖e‖ = 1 correspondingly by the condition r(‖ · ‖) = 1. But as we
shall see this does not hold true in general. We will first look the upper bounds and lower bounds
for the function v‖·‖ (if these bounds exist). If A has a unit, then we have following:
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Δ(A,‖ · ‖) we have
1
‖e‖  ‖τ‖m
(‖ · ‖). (8)
Proof. This result follows directly from inequality (2), since for the unital case we have
‖τ‖op = 1 for all τ ∈ Δ(A,‖ · ‖).
If A does not have a unit, the situation is more complicated. The right side of inequality (8)
holds true also in this case if m(‖ ·‖) is finite. It may however happen that ‖τ‖op 	= 1 even though
the norm ‖ · ‖ would be weakly regular or even regular as the following example shows:
Example 2. Let A(D) be the usual disc-algebra where D = {t ∈ C | |t |  1} (i.e., A(D) the set
of continuous functions from D into C which are analytic in the interior of D). Then A(D) with
the supremum-norm ‖ · ‖∞ is a complete unital Banach algebra. Further, let A = {x ∈ A(D) |
x(0) = 0}. Let now ‖ · ‖ = ‖ · ‖∞, then (A,‖ · ‖) is a complete non-unital Banach algebra and
being square preserving the norm ‖·‖ is regular. Clearly Δ(A,‖·‖) = Δ(A) = {τt | t ∈ D, t 	= 0},
where τt is the point evaluation at t . It is easy to see that ‖τt‖op = |t | for all t ∈ D. This shows that
‖τt‖op = 1 if and only if |t | = 1. Thus we can see that for the weight function v‖·‖ = v‖·‖op we
have v‖·‖(τt ) = 1|t | , t ∈ D, t 	= 0. This example shows that there are regular norms for which the
corresponding weight function is not bounded. One of the characteristic features of the algebra
(A,‖ · ‖) above is that it has not any approximate identity.
We will now consider an algebra (A,‖ · ‖) with an approximate identity. If A has a unit we
noticed earlier that r(‖ · ‖) = ‖e‖. From this condition one can deduce that if (A,‖ · ‖) has an
approximate identity (eα), α ∈ Ω , then the boundedness of the set {‖eα‖ | α ∈ Ω} should be
somehow connected with the value of r(‖ · ‖). Indeed, this is true. Namely, if x ∈ A, ‖x‖op  1
and α ∈ Ω , then we have ‖x‖ = ‖(x − eαx) + eαx‖  ‖x − eαx‖ + ‖eαx‖  ‖x − eαx‖ +
‖eα‖‖x‖op  ‖x − eαx‖ + ‖eα‖. From this it follows that if the set {‖eα‖ | α ∈ Ω} is bounded,
then also r(‖ · ‖) is bounded and vice versa, if r(‖ · ‖) is infinite, then the set {‖eα‖ | α ∈ Ω}
cannot be bounded. However, if we want to evaluate the values of the weight function v‖·‖ it
is more important to look at the boundedness of the set {‖eα‖op | α ∈ Ω}. Namely, we have
following:
Theorem 1. Suppose that (A,‖ · ‖) has an approximate identity (eα), α ∈ Ω , for which
‖eα‖op  1 for all α ∈ Ω . Then ‖τ‖op = 1 for all τ ∈ Δ(A,‖ · ‖). Moreover, if m(‖ · ‖) and
r(‖ · ‖) are finite, then
1
r(‖ · ‖)  ‖τ‖m
(‖ · ‖) for all τ ∈ Δ(A,‖ · ‖).
Here we must assume that Δ(A,‖ · ‖) 	= ∅.
Proof. We prove only that ‖τ‖op = 1 for each τ ∈ Δ(A,‖ · ‖). Suppose that {eα | α ∈ Ω} is an
approximate identity in (A,‖ · ‖) with ‖eα‖op  1, α ∈ Ω . Then ‖eαx − x‖ → 0 for all x ∈ A.
Now |τ(x)(τ (eα) − 1)| = |τ(eαx − x)| ‖τ‖‖eαx − x‖ for all x ∈ A and τ ∈ Δ(A,‖ · ‖). This
implies that limα τ(eα) = 1 for all τ ∈ Δ(A,‖ · ‖). On the other hand, if α ∈ Ω , then ‖eα‖op  1
implying |τ(eα)| ‖τ‖op. Thus we have 1 = limα |τ(eα)| ‖τ‖op  1. So ‖τ‖op = 1. 
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Theorem 2. Let (A,‖ · ‖) be a commutative A-convex algebra with an approximate identity (eα),
α ∈ Ω , for which ‖eα‖op  1 and with the non-empty Gelfand space Δ(A,‖ · ‖). If r(‖ · ‖) is
finite, then
v‖·‖(τ ) r
(‖ · ‖) for all τ ∈ Δ(A,‖ · ‖)
and if m(‖ · ‖) is finite, then
v‖·‖(τ )
1
m(‖ · ‖) for all τ ∈ Δ
(
A,‖ · ‖).
It follows from Theorem 2 that for algebras (A,‖ · ‖) with an approximate identity (eα), for
which ‖eα‖op  1 for all α ∈ Ω and finite m(‖ · ‖) and r(‖ · ‖) we have
1
m(‖ · ‖)  v‖·‖(τ ) r
(‖ · ‖) (9)
for all τ ∈ Δ(A,‖ · ‖).
It must be noted that the crucial point for the validity of (9) is that ‖τ‖op = 1 for all τ ∈
Δ(A,‖ · ‖). So we can see that (9) holds true for every A-convex algebra (A,‖ · ‖) with this
condition. As a conclusion we can deduce that for every commutative A-convex algebra (A,‖ ·‖)
with the non-empty Gelfand space we have
v‖·‖xˆ ∈ B
(
Δ
(
A,‖ · ‖))
for all x ∈ A, where B(Δ(A,‖ · ‖)) is the set of all bounded complex-valued functions on
Δ(A,‖ · ‖). It may even happen that v‖·‖xˆ ∈ B0(Δ(A,‖ · ‖)) for all x ∈ A, where B0(Δ(A,‖ · ‖))
denotes the set of all bounded complex-valued functions defined on Δ(A,‖ · ‖) vanishing at the
infinity. If v‖·‖ is bounded which happens as we noticed earlier in the case where (A,‖ · ‖) has an
approximate identity (eα), α ∈ Ω , for which ‖eα‖op  1 (or if ‖τ‖op = 1 for all τ ∈ Δ(A,‖ · ‖))
and m(‖ · ‖) and r(‖ · ‖) are finite, then ‖ · ‖ˆ is equivalent to ‖ · ‖∞ and thus it does not matter
whether we use the standard Gelfand representation (i.e., the usual supremum-norm for elements
xˆ, x ∈ A) for the algebra (A,‖ · ‖) or the weighted norm. If ‖ · ‖ is properly A-convex, then
m(‖ · ‖) = ∞ while m(‖ · ‖∞) = 1 showing that these two norms are of different types implying
that there might be some difficulties if we use ‖ · ‖∞ for Aˆ. Also if the norm ‖ · ‖ is irregular
this standard representation is not preferable (since we do not know whether the weight func-
tion v‖·‖ is bounded or not) and the use of weighted supremum-norm can give better description.
For further information about functional representation of different kind of A-convex algebras
see [1–3,5,9].
Example 3. Let A = {x ∈ C(R) | lim|t |→∞ |t ||x(t)| = 0} and let ‖ · ‖0 and ‖ · ‖1 be norms on A
defined by
‖x‖0 = sup
t∈R
|t |∣∣x(t)∣∣ and ‖x‖1 = sup
t∈R
(|t | + 1)∣∣x(t)∣∣.
Then ‖ · ‖0 is an A-convex norm on A with m(‖ · ‖0) = ∞ (this implies that ‖ · ‖0 is not com-
plete) and r(‖ · ‖0) = ∞ and ‖ · ‖1 is an m-convex complete norm on A with m(‖ · ‖1) = 1 and
r(‖ · ‖1) = ∞. So both of these norms are irregular and (A,‖ · ‖1) is a Banach algebra. It is easy
to see that (‖ · ‖0)op = (‖ · ‖1)op = ‖ · ‖∞ = the supremum-norm yielding that (A,‖ · ‖∞) is not
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for each n ∈ N a function en ∈ A for which en(R) ⊂ [0,1] and en(t) = 1 for all t ∈ [−n,n]).)
Since r(‖ · ‖i ) = ∞, we can see that {‖en‖i | n ∈ N}, i = 0,1, is not bounded and, on the other
hand, for the norms (‖ ·‖i )op, i = 0,1 (= ‖·‖∞), we have (‖en‖i )op = 1 for all n ∈ N. So here we
have an example of an algebra (A,‖ · ‖) with an approximate identity which is not ‖ · ‖-bounded,
but however which is ‖ · ‖op-bounded.
For t ∈ R let τt be the point evaluation at t (i.e., τt (x) = x(t), x ∈ A). It is easy to see that
τt ∈ Δ(A,‖ · ‖0) for all t ∈ R \ {0} and τt ∈ Δ(A,‖ · ‖1) for all t ∈ R. Note that τ0 /∈ Δ(A,‖ · ‖0)
because there cannot be any constant M such that |τ0(x)| = |x(0)|  M‖x‖0 for all x ∈ A.
Obviously, we have Δ(A,‖ · ‖0) = {τt | t ∈ R\ {0}} and Δ(A,‖ · ‖1) = {τt | t ∈ R} = Δ(A). Now
from the definition of v‖·‖0 we can see that v‖·‖0(τ ) = v‖·‖0(τt ) = |t | for all t ∈ R \ {0}. From this
it follows that v‖·‖0 is not bounded. We can now extend the weight function v‖·‖0 onto Δ(A) by
defining v‖·‖0(τ0) = 0. So we can use Δ(A) instead of Δ(A,‖ · ‖) for the Gelfand representation
of (A,‖ · ‖0). Correspondingly v‖·‖1(τt ) = |t | + 1 for all t ∈ R. Since xˆ(τt ) = x(t) for all x ∈ A
and t ∈ R we can see that the Gelfand mapping is an algebra isomorphism from A onto Aˆ, i.e.,
it can be considered as an identity mapping. So we may denote Aˆ = A. Further, for both of
these norms ‖ · ‖i we have ‖xˆ‖iˆ = ‖x‖i (i = 0 or 1) for all x ∈ A. This means that by using the
weighted norm the Gelfand mapping is even an isometric isomorphism. However, if we would
use the usual Gelfand representation we can see that the supremum-norm on Aˆ = A is not the
best possible norm for the Gelfand transform algebra in this case. Note also that both weighted
norms above are irregular and ‖ · ‖1ˆ is complete while the supremum-norm is regular and non-
complete. This example also shows that the weighted representation is naturally connected to the
structure of the algebras (A,‖ · ‖i ), i = 0,1.
By the famous Gelfand–Naimark theorem we know that for a commutative B∗-algebra
(A,‖ · ‖) we have Aˆ = C0(Δ(A)) (= C(Δ(A)) if A has a unit) and moreover ‖x‖ = ‖xˆ‖∞ for
all x ∈ A. It is an interesting question whether one can find reasonable simple conditions for the
norm of a Banach algebra (A,‖ · ‖) so that we would have Aˆ = B , where B is some proper sub-
algebra of C0(Δ(A)) and B is uniformly dense in C0(Δ(A)) and complete with some weighted
norm ‖ · ‖v (possibly with v unbounded). This type of result would be in particular interesting
if one would have ‖x‖ = ‖xˆ‖v for all x ∈ A. This would give to us the weighted version of
Gelfand–Naimark theorem. Some general ideas into this direction has been represented in [2].
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